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Al~traet--Properties of group matrices corresponding to the (non-Abelian) quaternion group Qs 
and of the generalized dihedral group are presented. 
1. INTRODUCTION 
As part of a study of structured matrices, in particular of matrices that exhibit circulant 
or generalized circulant features, we have been led to examine the properties of group 
matrices corresponding to the (non-Abelian) quaternion group Qs and of the generalized 
dihedral groups. [1,2]. 
A number of properties to be presented here were obtained on the basis of conjectures 
formulated while performing numerical experiments using the MATLAB matrix 
language [3]. These conjectures were then rapidly verified by theoretical means whose 
groundwork had already been developed by the first author [2]. In this paper we shall not 
present proofs, but shall give sufficient material so as to establish a direction along which 
proofs may be formulated. 
Given a finite group G with elements g,, g2 . . . . .  g~. Its multiplication table is a square 
array each row of which is a certain permutation of g~, g2 . . . . .  g,. When each element gi 
is replaced by a complex number ci, then a group matrix is said to result [1, 2]. 
There are numerous ways of exhibiting the group multiplication table, and we focus on 
two. The first way is to write g, . . . . .  g~ across the top and to write g(~, g: -' . . . . .  g,--' down 
the left so that, upon multiplication, the (i,j) element in the array is gF' gj. The elements 
down the main diagonal are consequently the group identity element. 
The second way is to write gt, g., . . . . .  g~ across the top and down the left, so that upon 
multiplication, the (i,j) element is g~gj. 
Now let fbe a mapping of the group elements of G into the field ~ of complex numbers, 
and let A = (a0) be an n x n matrix given by 
ao =f(gF'  gj). 
Then, A is said to be a group matrix of the first kind, or simply, a group matrix for G. 
If the elements of A are given by 
ao = f (gi gj), 
then A is said to be a group matrix of the second kind for G. If A is formed from f 
and the multiplication table in the order g~ . . . . .  g~, and IB is formed from f and the 
multiplication table in the permuted order g,,,g,c.) . . . . .  g¢(~), a = permutation of 
(1, 2 . . . . .  n), then 
B = P - lAP ,  
for an appropriate permutation matrix P. If A is of the form A =Lf(gig~)] and 
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~3 = [f(g,-~ g:)]. then /~ is simply a row permutation of B, so that 
&=PB,  
where P corresponds to the inverse map g --* g - t. In a number of ways, it is more natural 
to deal with group matrices of the first kind, but those of the second kind also arise. Thus, 
for example, group matrices of the first kind are closed under matrix multiplication while 
those of the second kind are not. 
If G is the cyclic group of order n, then a group matrix for G is called a circulant 
matrix [5-7]. 
2. GROUP MATRICES FOR THE QUATERNION GROUP Qs 
Let Q8 = (x, h lh 4 = I, x 2 = h 2, xhx -~ = h -t) be the quaternion group of order 8 and 
H = { I, h, h 2, h 3} by the cyclic group of order 4 generated by h. Let Q, R, S be permutation 
matrices of order 4 as follows: 
i 100 1 Q= 0 0 0 
0 0 1 ' •= 
0 1 0 
001 l i 01 i1 0 i 0 0 0 0 
1 0 0 , S= 0 0 " 
0 0 0 1 0 
Let the elements of Q8 be arranged in the order 
{1, h, h 2, h 3, x, xh, xh'-, xh3}. 
Theorem. X is a group matrix for Q8 if and only if there exist circulants of order 
4, & and B, such that 
Theorem. Let X be a group matrix for Qs. Then XrX = XX r. 
Corollary. A group matrix for Qs with real elements is normal, and hence is unitarily 
diagonalizable. 
Let P be the permutation matrix of order 8 corresponding to the permutation of the 
elements of Q8 defined by the inverse map. That is, P = (6~,~.j), where g~l,~ = g,~. Note that 
o__(0 o)o:  
Theorem. If 
is a group matrix (of the first kind) for Qs, then 
V = PX = [f(g, gj)] = QB 
is a group matrix of the second kind for Qs. 
Theorem. Let Y be a group matrix of the second kind for Qs, then yvy  = yyr .  
While group matrices Y~ and Y., for Qs do not always commute, they are "semi- 
commutative" in the sense that the differences Y~Y2-Y_,Y~ are very sparse. More 
precisely, 
Group matrices 
Theorem. Let Y~ and V2 be two group matrices of the second kind for Qs- Then, 
YIYz- Y2YI = 0 " 0 " 1 " * * *  
* 0 * 0 1 0 0 0 0  
0 * 0 * l * * * *  
* 0 * 0 1 0 0 0 0  
*0"01  
*O*OI  0 
*0"01  
* 0 " 0 1  
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where * designates a number which is generally not zero. 
Theorem. If X is a group matrix for Qs, then so is its Moore-Penrose 
generalized inverse X ÷. 
Let t), be the Fourier matrix of order n, i.e. t)~* = n-u2(tou-ut*-') j , , -0, i . . . . . . .  ~, where 
co = exp(2ni/n) and *= conjugate transpose. Let t )= f12®t)4, ® = Kronecker product. 
Theorem. Let X be a group matrix for Qs, and let it have the representation 
for 4 x 4 circulants A and B. Define uj and vj by 
t) l  At), = diag(ul, u:, u3, u4), 
t) l  Bt)4 = diag(vl, v2, v3, Va), 
Ct = diag(ui + vl, u2, u3 + v3, u4), 
C4 = diag(ui - vl, u2, u3 - v3, u4) 
and 
C2 = - C3 = diag(0, - v2, 0, - v,). 
Then, 
t ) .X ,  = (C, C2) 
C3 C , "  
Corollary. If X is a group matrix for Qs, then um+ rl, u3 + v3, u~ - t;~, u3 - v3 are 
eigenvalues of X with corresponding eigenvectors 
:~ = (l, 1, 1, 1, 1, 1, 1, 1), /~ = (1, 
7 =(1,  I, l, 1, -1 ,  -1 ,  -1 ,  -1 )  
Corollary. If Y is a group matrix of 
V= 
then with the uj, rj defined as above, the 
--1, 1, --1, 1, - i ,  1, --!), 
and t5 =(1,  - ! ,  1, -1 ,  -1 ,  1, -1 ,  1). 
the second kind for Qs, with the representation 
same eigenvalue conclusion holds for V. 
3. GROUP MATRICES FOR THE GENERAL IZED DIHEDRAL 
GROUPS D ih(H)  
Let H be an Abelian group of order n: 
H = {h I = 1,h 2 . . . . .  h~}. Let Dih(H) = (x,h[h ~H, x2= l,xhx =h-t ) .  
The group Dih (H) is called the generalized dihedral group of order 2n, and we shall display 
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its elements gl, g2 . . . . .  g2~, in the order 
gj =ht  . . . . .  g , ,=h, ,  g~. l  = xhl  . . . . .  g~ = xh,,. 
Let Q = (6,,). j)a~,.~ be the permutation matrix corresponding to the permutation a
induced by H by means of 
h,u~ = h [- a. 
Theorem. The 2n x 2n matrix X is a group matrix for Dih(H) if and only if 
there are group matrices A, B for H such that 
X= QB • 
Theorem. Let X be a group matrix for Dih(H),  either of the first or second 
kind. Then, 
where * designates ome n x n matrix, generally not equal to zero. 
Theorem. Let Ya and Y2 be two group matrices of the second kind for Dih(H).  
Then, 
Ya¥:- Y2Vt = 
Corollary, For H = cyclic group of order 4, Dih(H) - D4, the dihedral group of order 8. 
Y~Y2- Y2YI = 
0 * 0 * 
• 0 * 0 
0 * 0 * 
• 0 * 0 
0 0 0 0 
0 0 0 0 
0 * 0 * 
0 * 0 * 
0 * 0 * 
0 * 0 * 
0 
Theorem. Let 
representation 
Then, 
with 
Y be a group matrix of the second kind for D4 
Ca = ½(0 + O) diag(ut + v~, 
C2 = ½(Q - 0) diag(ua + va, 
Cs = ½(Q - 0) diag(ut - va, 
C4 = ½(Q + ~) diag(ua - ol, 
u2 + v2, us + vs, u4 + v4) 
u2 + v:, us + vs, u4 + v4) 
U2~U2, U3~U 3, U4~4)  
Corol lary.  ul + vj,  u3 + t3, uj - va, u3 - v3 are eigenvalues of Y 
eigenvectors :t, fl, 7, 6. 
with the 
with corresponding 
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